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TORUS INVARIANT TRANSVERSE KAHLER FOLIATIONS 


HIROAKIISHIDA 


Abstract. In this paper, we show the convexity of the image of a moment map on a 
transverse symplectic manifold equipped with a torus action under a certain condition. We 
also study properties of moment maps in the case of transverse Kahler manifolds. As an 
application, we give a positive answer to the conjecture posed by Cupit-Foutou and Zaffran. 


1. Introduction 

In [10], a family of complex manifolds (say LV manifolds here) whieh ineludes elassieal 
Hopf manifolds and Calabi-Eckmann manifolds are eonstrueted by Lopez de Medrano and 
Verjovsky. Most of LV manifolds are non-Kahler; it is shown that an LV manifold admits 
a Kahler form if and only if it is a eompaet eomplex torus of eomplex dimension 1. In [9], 
as a eontrast, it is shown by Loeb and Nicolau that eaeh LV manifold earries a transverse 
Kahler veetor field. In [11], Meersseman generalizes the construetion of LV manifolds and 
gives a new family of eomplex manifolds whieh are known as LVM manifolds. As well 
as LV manifolds, an LVM manifold admits a Kahler form if and only if it is a eompaet 
eomplex torus. He also construets a foliation ^ on each LVM manifold and shows that ^ 
is transverse Kahler. In [4], Bosio generalizes LVM manifolds and now they are known as 
LVMB manifolds. As well as LVM manifolds, if an LVMB manifold is Kahler then it is a 
eompaet complex torus. The first example of LVMB manifold which is not biholomorphic 
to any LVM manifold is given by Cupit-Loutou and Zaffran in [6]. In particular, the family 
of LVMB manifolds properly contains the family of LVM manifolds. In [3], Battisti gives 
an explanation of the difference between LVM manifolds and LVMB manifolds in terms 
of toric geometry. 

In [6], Cupit-Loutou and Zaffran also construet a foliation ^ on eaeh LVMB manifold, 
as a natural generalization of the ease of LVM manifolds. They show that, under an as¬ 
sumption, if the foliation ^ on an LVMB manifold M is transverse Kahler then M is an 
LVM manifold. Lrom this point of view, they give the following eonjeeture whieh is the 
motivation of this paper: 
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Conjecture 1.1. An LVMB manifold is an LVM manifold if and only if the foliation ^ is 
transverse Kdhler. 

Our approach to Conjecture 1.1 uses techniques of Hamiltonian torus aetions on sym- 
plectic manifolds. Espeeially, (an analogue of) the convexity theorem plays an important 
role. The eonvexity theorem shown by Atiyah, Guillemin and Sternberg in [1] and [7] 
states that if a eompaet torus G aets on a compaet eonnected sympleetie manifold M in 
Hamiltonian fashion then the image of a corresponding moment map is a convex poly tope. 
In this paper, first we show the following: 

Theorem 1.2 (see also Theorem 2.7). Let M be a compact connected manifold equipped 
with an action of a compact torus G. Let q' be a subspace of the Lie algebra Q of G such 
that the action o/g' is local free. Let be the foliation on M whose leaves are q'- orbits. 
Let 03 be a G-invariant transverse sympleetie form on M with respect to If there exists 

a moment map : M —g* with respect to 03, then the image of M by ^ is the convex 
hull of the image of common critical points of h^ for v G g, where /zy : M — )■ M A given by 
hy{x) = (4>(x),v). 

Example 1.3. The setting of Theorem 1.2 naturally appears in sympleetie manifolds. Let 
A be a eompaet connected sympleetie manifold equipped with an effeetive Hamiltonian 
action of a compact torus G. Let g' be any subspace of g and let z: g' —g denote the 
inelusion. Let c G (g')* be a regular value of z* o d>: A —(g')* and let M := (z* o d>)^^ (c). 
Then, g' aets on M loeal freely and the restriction 03\m oi the sympleetie form on A is a 
transverse sympleetie form on M with respeet to The image 4>(M) eoineides with 
(z*)“^(c) n4>(A), and it is a eonvex polytope. 

Lor a conneeted eomplex manifold M equipped with an effective action of a compact 
torus G which preserves the eomplex strueture J on M, the subspace 

0 y := {v G g I Av = -JXp^v G g} 

of g acts on M local freely (see Proposition 3.3). The foliation whose leaves are 
gy-orbits coincides with the foliation which has been eonsidered in [ 6 ] in ease of LVMB 
manifolds and the foliation whieh has been eonsidered in [13] in ease of moment-angle 
manifolds equipped with eomplex-analytie struetures. gives a lower bound of G- 
invariant foliations that admit G-invariant transverse Kahler forms such that there exist 
moment maps with respeet to the forms (see Proposition 4.2). 

An effeetive aetion of a compaet torus G on a eonneeted manifold M is said to be maxi¬ 
mal if there exists a point x E M such that dimG -|- dimG^ = dimM (see [ 8 ] for detail). If 
M is a compaet eonnected complex manifold equipped with a maximal action of a compact 
torus G preserving the eomplex strueture J on M, one ean associate a complete fan q{A) in 
g/gy with M. On the other hand, if there exists a G-invariant transverse Kahler form on M 
with respeet to and if there exists a moment map : M ^ g* with respeet to the form, 
then one ean find a lift 4>: A/ —> (g/gy)* of d>. The following is the main theorem in this 
paper: 
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Theorem 1.4 (see also Theorem 5.7). Let M be a compact connected complex manifold 
equipped with a maximal action of a compact torus G which preserves the complex struc¬ 
ture J on M. If is transverse Kdhler, then a moment map $ with respect to a G- 
invariant transverse Kdhler form exists and $(M) is a convex polytope normal to ^(A). 
Conversely, ifq{A) is polytopal, then is transverse Kdhler. 

As an applieation of Theorem 1.4, we show that Conjeeture 1.1 is true. 

This paper is organized as follows. In Seetion 2, we investigate Hamiltonian funetions 
for almost periodie veetor fields on transverse sympleetie manifold and show the eonvexity 
of the image of a moment map with an almost same argument as Atiyah. In Seetion 3, we 
eonstruet a G-invariant foliation ,^gj on a eomplex manifold equipped with an aetion of 
a eompaet torus G. In Seetion 4, we show that the foliation ^gj is a lower bound of G- 
invariant foliations that admit moment maps. In Seetion 5, we eonsider the ease of maximal 
torus aetion and give a proof of the eonjeeture posed by Cupit-Foutou and Zaffran. 
Convention and notation. For a smooth manifold M and a smooth foliation on M, 
we denote hy T the subbundle of the tangent bundle TM eonsisting of veetors tangent 
to leaves of Let G be a eompaet torus aeting on M smoothly. We say that is G- 
invariant if T,#" is a G-equivariant subbundle of TM. We denote by 0 the Lie algebra of 
G. Through the exponential map, 0 also aets on M. For a subspaee 0 ' that aets on M loeal 
freely, we denote by ,^gi the foliation on M whose leaves are 0 '-orbits. For a point x G M, 
we denote by Gx the isotropy subgroup of G at x. We also denote by Qx the Lie algebra of 
Gx- Remark that Qx is not the isotropy subgroup of 0 at x. For v G 0 , we denote by Xy the 
fundamental veetor field generated by v on M. For a veetor field X on M, we denote by Xx 
the value of X at x. For the fundamental veetor field, we denote by {Xfjx the value of Xy at 
X. For a differential form (O, we denote by (Ox the value of (O at x. We denote by the 
Lie derivative for (O along X and by ixO) the interior produet of X and CO. We identify M 
with the Lie algebra of by the differential of the map 1 1 —)■ . For a : G —)■ we 

denote hy da the differential at the unit of G and da h regarded as an element in 0 *. We 
denote by H^{M) the first basie eohomology group with eoeffieients in M. 

2. The convexity theorem 

Let M be a smooth manifold and let be a smooth foliation on M. A transverse 
sympleetie form co with respeet to is a elosed 2-form on M whose kernel eoineides with 
T ^. Let (0 be a transverse sympleetie form on M with respeet to ^. Let a eompaet torus 
G aet on M effeetively. We assume that the aetion of G preserves (O (and hence, is 
G-invariant). In this case, by Cartan formula we have that 

0 = ifx,® = dix,(0 + ix„d(o = dix,(0 

for V G 0 . We say that a smooth map : A/ -L 0 * is a moment map if the function h^-. M ^ 
M given by ($(x), v) = fiy(x) satisfies that dh^ = —lx„(0. A moment map with respect to 
(0 exists if and only if ix„(0 is exact for any v. In particular, the obstruction for the existence 
of moment map sits in The purpose in this section is to show the convexity of the 
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image of a moment map under certain conditions by an almost same argument as Atiyah 
(see [1]). 

Let : Ua —^ Va}a be foliation charts of (M,^). The local leaf space Uaj^ is 
diffeomorphic to an open subset of ]^dimM-dim^ quotient map Ha'- Ua ^ Uaj ^ 
is a fiber bundle whose fibers are diffeomorphic to open balls of dimension dim^. The 
transition functions : \i/p{Uar\Up) \^fa{Ua(~^Up) can be written as 

VauM = (V'JpW, V/5,(x.z)) e VaiUanUn) C x E'""'*' 

for (x,^) e \j/ji{UanUji) c RdimM-dim^ ^ 

Let X e M and let denote the isotropy subgroup at x of G. Let t// : G —)■ V be a local 
foliation chart on an open neighborhood at x. The local leaf space U /^ is diffeomorphic 
to an open subset of ]RdimM-dim^ ^ . jj —s. be the quotient map. Since Gx 

is compact, the intersection U' := r\g^GxS{U) is a G;c-invariant open neighborhood at jc. 
Since ^ is G-invariant, Tt{U') is a Gx-manifold of dimension dimM —dim,^. Let (O be a 
G-invariant transverse symplectic form on M with respect to ^ and suppose that dim ^ = l 
and dimM = 2n + £. to descends to a symplectic form a on 7r(U'). By equivariant Darboux 
theorem, there exist Gx-invariant open subsets Ux of Tt{U') and 14 of TxMjTx^, a Gx- 
equivariant diffeomorphism cp : Gx —)■ 14 and a basis (xi,... ,x„,yi,... ,y„) of (TxM/Tx^)* 
such that 

n 

= ^dxi Adyi 


for V G gx, where cti,...,G Hom(Gx,S^) are weights at 0 G TxMjTx^. Remark that 
Vln-^Ux) ■ ^ ^^ 4 ) ¥{^^^{Ux)) is a local foliation chart near x. We state this fact as a 

lemma for later use. 


Av = 27t {dcci, v) 


Lemma 2.1. Let M be a smooth manifold of dimension 2n + £ equipped with an action of a 
compact torus G. Let ^ be a G-invariant smooth foliation on M of dimension I and let CO 
be a G-invariant transverse symplectic form on M with respcet to ^. Then, for any x&M, 
there exist 

• a local foliation chart \j/x '■ Ux ^ 14 on an open neighborhood Ux at x such that 
Uxj^ carries the action ofGx, 

• a Gx-invariant open neighborhood 14 at 0 ofTxM/Tx^, 

• a Gx-equivariant diffeomorphism cpx'- Ux!^ ^ 14, and 

• abash (xi,... ,.r„,yi,... ,y„) of{TxM/Tx^y 

such that = LLi A dyt and 


X, = 2,r£{rfa,,v)(^x,A-,,A 


TORUS INVARIANT TRANSVERSE KAHLER FOLIATIONS 


5 


for V G gx, where a\,. ..,a„ G Hom(G;c,) are weights 0 G TxM/Tx^. 

Let be as Lemma 2.1. Let v G g and suppose that there exists a smooth 

function /ly : M —)■ M such that — lx,, W = dh^. Since (O is transverse symplectic with respect 
to a point x G M is a critical point of h^ if and only if {Xf)x £ Tx'^- Because of this, 
unfortunately, we can not deduce the property that h^ is non-degenerate for general not 
like symplectic case. Let g' be a subspace of g such that g' act on M local freely. Since G 
is abelian, is a G-invariant foliation. 

Lemma 2.2. Let M be a smooth manifold equipped with an action of a compact torus 
G. Let g' be a subspace of g such that g' acts on M local freely. Let 03 be a G-invariant 
transverse symplectic form on M with respect to Let v G g and suppose that there 
exists a smooth function /ly : M —)■ M such that dh^ — —lx,,CO. Then, hy is a non-degenerate 
function and the index of each critical submanifold is even. 

Proof. Let x G M be a critical point of h^. Then, {Xf)x G Tx^^' implies that there exist 
Vx e gx and V G g' such that v = -t- v' . Since lx ,,£0 = 0, we have that ix^co = ix,,^ 03. Since 

iXytt) is basic for so is h„. Let : Gx -)■ K, Vx, (Px, (xi,... ,x„,yi,. .. ,y,j) be as Lemma 
2.1. Since hy is basic for hy descends to a smooth function hy : Ux /—)■ M such that 
n*hy_ = hy, where Tt: Gc —)■ Gx/denote the quotient map. By definition of n sends 
the fundamental vector field Xy generated by v on Ux to the fundamental vector field Xy^ 
generated by on Ux! Also, since (Px is G;c-equivariant, (Px sends Xy^ on Uxj to 
Ay^ on TxMjTx^^. 


Therefore 


dhy = -ix„(0 = -ix„,® = ^*(-ix,.^m) = n*o (p*(-ix„,((Px 


On the other hand. 


dhy = d{n*^ = n*{dh^ = n* o [tp^ ^)*{d{{(Pj^ ^)*hy))- 


Since K* is injective and cpx is a diffeomorphism, we have that (i((<py ^)*^v) = — (9x ^® • 

Let G Hom(G;c,S^) be the weights at the origin in TxM/Tx^^'. Then, Xy^ on 

TxM/TxJ^q! can be represented as 



with the coordinates (xi,...,x„, yi,..., y„). Therefore 


n 


-ix,„.(^x a = 2nY^{dai,Vx){xidxi + yidyi) 


i=\ 


and hence 


n 


(<Px ^)*^=(<Px ^yhv{0)-^nY,{dcii,Vx){xf + y'f). 


i=\ 


( 2 . 1 ) 
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Therefore {(p^ ^)*hy is nondegenerate at 0 and the index at 0 is twiee as many as the number 

of 05 / sueh that {dccj ,Vx) < 0. Since ■ Idx Vx is a fiber bundle, hy is nondegenerate 
at X and the index at x is twice as many as the number of 05/ such that (<i05/, Vx) < 0, proving 
the lemma. □ 

Remark 2.3. In the proof of Lemma 2.2, it follows from (2.1) that x attains a local minimum 
of hy if and only if (<i05/, Vx) > 0 for all 05/. 

Remark 2.4. We are not sure whether Lemma 2.2 holds even if we replace to any 
G-invariant foliation ^ or not. 

The following is the key of the convexity theorem. 

Lemma 2.5 ([1, Lemma 2.1]). Let ^ \ N ■^M.he a non-degenerate function (in the sense 
of Bott) on the compact connected manifold N, and assume that neither ^ or —(j) has a 
critical manifold of index 1. Then 0^^(c) is connected (or empty) for every c G M. 

By Lemmas 2.2 and 2.5, if M is compact then the level set hf^(c) is connected unless 
empty. Moreover, if c is a regular value then hf^{c) is a connected submanifold of M. 
Since G is abelian, dhy — —ix^co is G-invariant. Therefore hy is also G-invariant. Therefore 
hf^{c) is G-invariant for c G M. 

Lemma 2.6. Let M be a compact connected manifold equipped with an action of a compact 
torus G. Let q' be a subspace o/g such that q' acts on M local freely. Let CO be a G-invariant 
transverse symplectic form on M with respect to Let vi,..., G g and suppose that 
there exists a smooth function hy. such that dhy. = —iXy.CO for i = I,... ,k. Let c be 

a regular value ofh= (hy^ ,..., fiy^) : A/ —)■ M^. Then, g" = g^ -l- Mvi -I-h Mvyt acts on 

h~^{c) local freely and is a transverse symplectic form with respect to the foliation 

^ 0 "- 

Proof Let x G fi“^(c). Since c is a regular value, {—iXy.ofjx is linearly independent for all 
i. This together with that the action of g' is local free yields that {Xpi)x = 0 if and only if 
v" = 0 for v" G g". Therefore the action of g" is local free. 

Tx{h~^{c)) is given by ker(Jfi)x = (Tx^t^g")^, where {Tx.^g")^ denotes the annihilator of 
Tx^l^g" with respect to CO. Therefore COx descends to a symplectic form on Tx{h~^ (c)) /Tx^g". 
It turns out that Yx G ker((o|;j-i(^))x if and only if Yx G Tx^g". Therefore to|/,-i(c) is a trans¬ 
verse symplectic form with respect to ^g", proving the lemma. □ 

Now we are in a position to prove the convexity theorem. 

Theorem 2.7. Let M be a compact connected manifold equipped with an action of a com¬ 
pact torus G. Let g' be a subspace of g such that g' acts on M local freely. Let (O be a 
G-invariant transverse symplectic form on M with respect to Let vi,..., ^ 0 ci^d 

suppose that there exists a smooth function hy. such that dhy. = — ix,,. (O for i= I,. ..,k. Put 
h = (hi,..., hf) : M —)■ M^. Then the followings hold: 
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(Afc) For c E the fiber h ^ (c) is connected unless empty. 

(Bk) h{M) is convex. 

(Q) //Zi,... ,Ziv are the connected components of the set of common critical points of 
hy., then h{Zj) is a point cj and h{M) is a convex hull ofci,. ..,C{^. 


Proof. The proof consists of following steps. 

Step 1. {Af) implies (5^+i). 

Step 2. (Ak) holds by induction on k. 

Step 3. {Bk) implies (Q). 

Remark that it follows from the connectedness of M that (fii) holds because h{M) is a 
closed interval in M. 

Step 1. Assume that {Af) holds. Let k : —)■ be any linear projection given by 

^(^i) = E)=i ciii^i for / = 1,..., k + 1. The composition h' :=K oh: M —)■ satisfies the 

assumption of the theorem. Namely, y-th component of h' is a smooth function Lf=i aijh^., 
but 


A+i 

^ I L 




(O. 


Therefore each fiber of h' is connected unless empty. Let x,y E h{M) and assume that 
TZ is surjective and Tz{x) = Tz{y) = c. Since the fiber ;r^^(c) is a line in it suffices 
to see that h{M) n;r^^(c) is connected. Since h' = n oh, we have that h{M) n;r~^(c) = 
h{h'~^{c)). Since h is continuous and h'~^{c) is connected, h{M) n;r^^(c) is connected, 
proving that (A^) implies (fiA:+i). 

Step 2. It follows from Lemmas 2.2 and 2.5 that (Ai) holds. Assume that (A^) holds. 
Let vi,..., V;t+i ^ fl and assume that there exists a smooth function hy. : M —)■ M such that 
dhy. — —iXy.CO for i = 1,...,k + 1. Let h = {hy ^,...,) and let c = (ci,...,Cyt+i) be a 
point in . We want to show that h~^ (c) = (ci) fl • • • fl {ck+i ) is connected 
unless empty. If h has no regular value, then one of dhy. is a linear combination of the 
others. By assumption that (A^) holds, we are done. Assume that h has a regular value. 
Then, the set of regular values is dense in h{M). By continuity, we only need to show 
that h~^{c) is connected for any regular value c. Then, N := hf^ (ci) fl ■ ■ • fl hf^^ (ck) is 
a connected submanifold by (A^t)- Moreover, it follows from Lemma 2.6 that co\x is a 

transverse symplectic form on N with respect to on N, where g" = g + Mvi H-h 

Mvfc. The function \x satisfies that dhy^^^^ wlv- Therefore by Lemmas 2.2 

and 2.5, ihy^+i\N)~\ck+i) is connected. Therefore/?~^(c) =/? 7 /(ci) fl■ • • (q+i) is 

connected, proving that (A^t) holds for all k. 

Step 3. The former assertion that states that h{Zj) is a point Cj is obvious. Let Fl be the 
closure of exp( 0 ") in G. Let x be a common critical point of hy^,..., hyj^. Since {dhy.)x = 
{—iXy.O))x = 0, we have that {Xy.)x E for i = 1,... ,k. Therefore there exists Vi^x ^ 
and V ■ E g' such that v, = Vi^x + v ■ for / = 1,..., k. Let denote the identity component of 
Hx. Then, {exp(tivi,x). Qxp{tkVk,x) I U E M} is dense in and exp(f)jc + g') is dense in 
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H. Conversely, for a subtorus H' of H, if exp(f)' + g') is dense in H, then eaeh fixed point 
X e is a eornmon eritieal point of fivi, • • •, Kk- Let u' G g' and v := Y!i=i <^iVi -\-u' & 
g" sueh that {exp(tv) | t G M} is dense in H. Put := We elaim that eaeh 

eritieal point of hy is a eornmon eritieal point of hy^,.hyj^. Let x be a eritieal point of 
hy. Sinee {dhy)x — {—iXyOi)x — 0, there exists Vx G t)x and v' G g' sueh that v = + v'. 

Sinee {exp(tv) | r G M} is dense in H, we have that {exp(rvx) | t G M} is also dense in H^. 
By definition of v and Vx, the elosure of exp(f};i: + g') is H. Therefore the eritieal point x 
of hy is a eornmon eritieal point of hy^,..hyj^. In partieular, hy takes the minimum value 
in a eornmon eritieal point of hy^,. hy^^. It turns out that the linear form a := Y!i=i 

restrieted to h{M) takes the minimum value at one of c/s. Therefore 

(2.2) fi(M) C Pi {y = (yi,...,yfc) G I (a,y) >min((a,c;) I 7 = 1,...,A^)}, 

{ax,...,ak)^A 

where 

A := {(ai,.. .,afe) | {exp(tv) 11 G M} is dense in H}. 

Since A is dense in M*, the right hand side of (2.2) is the convex hull of cfs. It follows from 
(Bfc) and cj G h{M) for all j that h{M) is the convex full of cy’s, proving the theorem. □ 

3. Holomorphic foliations from torus actions 

Let M be a complex manifold and let G be a compact torus acting on M as holomorphic 
transformations. In this section, we define a subspace gy of g which acts on M local freely 
by using the complex structure J on M and the action of G. We begin with the following 
lemmas. 

Lemma 3.1. Let M be a complex manifold equipped with an action of a compact torus 
G which acts as holomorphic transformations. For x G M, there exists Gx-invariant open 
neighborhoods U at x E M and V at 0 & TxM such that U and V are Gx-equivariantly 
biholomorphic. 

Proof Let Uq be an open neighborhood at x and let (p : Go —> Vq be a local holomor¬ 
phic coordinate centered at x, where Vq is an open subset of C". Since Gx is compact, 
the intersection ngeG;t.?(Lo) is a Gx-invariant open neighborhood at x. By restricting the 
domain of definition, we may assume that Uq is Gx-invariant. Through the differential 
(d(p)x ■ TxM -A ToC" = C", we identify C" with TxM. Then we have a biholomorphism 
{d^))f^ o (p : Go —> {d(p)f^{Vo) C TxM. By averaging on Gx, we have a Gx-equivariant 
holomorphic map 

(p'■= [ {dg)xo{{d(p)f ^ o^)og~^dg: Uq^TxM. 

cp' is no longer injective, but, {d(p')x — idr^M- Therefore, it follows from the implicit func¬ 
tion theorem that there exists an open subset G of Go such that cp'lu : U -y (p'{U) is biholo¬ 
morphic. As before, we may assume that G is Gx-invariant and then V := tp'iJJ) is also 
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Gx-invariant. Therefore there exists a Gx-equivariant biholomorphism 9 ': f/ ^ V C T^M, 
proving the lemma. □ 

Lemma 3.2. Let M be a connected complex manifold with the complex structure J. Let X 
be a nonzero almost periodic vector field on M whose flows preserve J. IfX vanishes at a 
point A G A/, then JX is not almost periodic. 


Proof. Assume that JX is almost periodic. Since X is an infinitesimal automorphism of 
J, [X,JX] = 0. Therefore we may assume that a compact torus G acts on M effectively 
and as holomorphic transformations and there exist v,v' E g such that X = Xy, JX = Xp 
and the subgroup {exp( 5 v) exp(tv') | ^ is dense in G. Since Xx — {JX)x = 0, x is a 

G-fixed point. Let G Hom(G,S^) be the weights of the G-representation TxM. 

By Lemma 3.1, there exists an equivariant biholomorphic map t/ —?■ V C TxM, where U is 
an open neighborhood at x. Combining with the decomposition of TxM into 1-dimensional 
representations of weights we have a local coordinate (zi,... ,z,j) : U -E C" 

such that Zi{g ■ p) = a,(g)z,(p) for p eU. Let Xi and y, denote the real and imaginary part 
of Zi, respectively. Then, through the local coordinate (zi,... ,z„) we can represent X and 
JX as 


n 

X = 2nY,{d0Ci,v) 

i=l 


f d d 

V ^'dxi^^'dji 


and 

n 

JX = 27t Y,{d0Ci,v') 
/=! 

On the other hand, J is represented as 


dxi dyi 


Therefore 

Q=X + J^X 


^=1 


ti \^y 


0 dXi —— C) dji 


dxj 


= 2 ;r£ ( {dai,v) 


i=\ 


f d d 

-yi^+xi^ 

\ ^yi 


+ {dcCi^ v^) 




n 


i=\ 


(^dau-jiv-xiv') 


dxi 


+ {dai,XiV 



Therefore, by substituting e, 0 < |e| << 1 for x,- and yt, we have that 

0 = {dai,—£v — £v') — —£{dai,v + v') 


and 

0 = {dUi, £v — £v') — £{dai,v — v') 

for all / = Thus we have (Ja,, v) = 0 for all z = Since the action of G on 

M is effective and M is connected, Jet; G g* for z = 1,..., zz spans g*. This together with 


10 


H. ISHIDA 


the fact that (dai^v) = 0 for all i shows that v = 0. This contradicts the assumption that 
X = Xy is nonzero and hence JX is not almost periodic, as required. □ 

Proposition 3.3. Let M be a connected complex manifold with the complex structure J. Let 
G be a compact torus acting on M effectively and as holomorphic transformations. Define 

gy := {v G 0 I there exists v' E g such that Xy — —JXyi}. 

Then, 

(1) Qj is a Lie subalgebra of g. 

(2) gj has the complex structure Jq which satisfies Xj^^y^ = JXy. 

(3) gy acts on M holomorphically and local freely. 

Proof. Part (1) follows from the fact that G is commutative. For Part (2), let v G gy. Assume 
that v',v" G gy satisfy that Xy — —JXy/ = —JXy//. Then, Xy/ = Xy//. It follows from the 
effectiveness of the G-action that v' = v". Therefore for v G gy, there exists unique 7o(v) G 
gy such that Xj^(^y-j = JXy. The map Jq : gj gy is linear and Jq = —1, proving Part (2). 
Part (3) follows from Part (2) and Lemma 3.2. The proposition is proved. □ 

Let M be a connected complex manifold with the complex structure J and let a compact 
torus G act on M effectively and as holomorphic transformations. By Proposition 3.3, gy 
acts on M holomorphically and local freely. Therefore we have a holomorphic foliation 
whose leaves are gy-orbits. 

4. Torus invariant transverse Kaheer eoeiations 

A transverse Kahler form is a special kind of transverse symplectic form. Let M be 
a complex manifold with the complex structure J. Let be a holomorphic foliation on 
M. A real 2-form tt) on M is called transverse Kahler with respect to ^ if the following 
conditions are satisfied: 

(1) ft) is transverse symplectic with respect to 

(2) ft) is of type (1,1). Namely, For G T^M, (ofiJYxJZx) = cofiYx,Zx). 

(3) ft) is positive. Namely, COx{Yx,JYx) > 0 for all Yx G TxM. 

The conditions (1) and (3) imply that Q}x{Yx,JYx) = 0 if and only if Yx G Tx^. For a 
holomorphic foliation on M, if a transverse Kahler form ft) exists, we say that is 
transverse Kahler. 

Proposition 4.1. Let M be a complex manifold with the complex structure J. Let G be 
a compact torus acting on M as holomorphic transformations. Let ^ he a G-invariant 
foliation and let CO be a transverse Kahler form with respect to ^. Then, 

[ g*C0dg 
JgeG 

is a transverse Kahler form with respect to ^ and invariant under the G-action on M. 
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Proof. For short, denote 

«'=/ g^COdg. 

JgeG 

Sinee CO is elosed, so is co'. Sinee G aets on M preserving the eomplex strueture J, Co' is a 
positive (1, l)-form. It remains to show that ker = Tx^ for all t G M. By definition, for 
Yx G TxM, 

co',{Yx,JYx) = [ {g*co)x{Yx,JYx)dg 
JgeG 

= [ COg.x{{dg)x{Yx),{dg)x{JYx))dg 

JgeG 

= / G}g.x{{dg)x{Yx),J{{dg)x{Yx)))dg 
JgeG 

beeause J is G-invariant. Sinee C0g.x{{dg)x{Yx)TJ{{dg)x{Yx))) > 0 and the equality holds if 
and only if {dg)x{Yx) G Tg.x^, it follows from the G-invarianee of ^ that co^{Yx,JYx) = 0 
if and only if Yx G Tx^, proving the proposition. □ 

Thanks to Proposition 4.1, if a G-invariant foliation ^ is transverse Kahler, we may 
always assume that the transverse Kahler form with respeet to ^ is G-invariant without 
loss of generality. 

For foliations and ^2 on a smooth manifold M, we denote by C ^2 ii T C 
T^ 2 - Our next purpose is to give a lower bound of G-invariant transverse Kahler foliations 
that admit moment maps. 

Proposition 4.2. Let M be a connected complex manifold with the complex structure J. 
Let a compact torus G act on M effectively and as holomorphic transformations. Let ^ 
be a G-invariant holomophic foliation and let co be a G-invariant transverse Kahler form 
with respect to ^. If there exists a moment map with respect to co, then C 

Proof. Let d>: M —> g* be a moment map. We denote by hy the smooth funetion given by 
hy{x) = (^»(x), v) for V G g and x G M. Sinee hy is G-invariant for v G g, we have that 

(4.1) 0 = hy^ = iXy^dhy^ = -iXy_^ (0 = 2(o(Xvj,Xvj) 

for any vi,V 2 G g. Assume that v G gj. Then, 

0 < CO(Xy,JXy) = CO(Xy,Xj^^y-)) = 0 

by (4.1). Therefore (Xy)x G for all x and henee C as required. □ 

Theorem 4.3. Let M, J, G, ^, co be as Proposition 4.2. Let q: g ^ g/gj be the quotient 
map. Assume that there exists a moment map ^ : M ^ g* with respect to co. Then, there 
exist c G g* and a smooth map : M —(g/gy)* such that^-\-c = q* o^. 

Proof. For v e g, hy denotes the smooth funetion given by hy{x) = (d>(x),v). It follows 
from Proposition 4.2 that dhy — —ix^CO = 0 for v G gy. It turns out that hy is eonstant on 
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M. Let i\ 0 i — 5 - g denote the inelusion. Then, there exists c G g} sueh that i* o$(jc) = c for 
any x G M. The sequenees 

0 —^ gy g —^ g/gy —^ 0 

and 

0 -— g} g* (g/gy)* -— 0 

are exact. Since i* is surjective, there exists c G g* such that i*{c) = c. In particular, 
/*(4>(x) — c) = 0 for all x G M. Therefore, there uniquely exists ^(x) G (g/gy)* such that 
^*($(x)) = ^(x) —c for allx G M. The smoothness is obvious. The theorem is proved. □ 

We call ^ : M —(g/gy)* a lifted moment map. As a corollary of Theorems 2.7 and 4.3, 
we have the following. 

Corollary 4.4. Let M be a compact connected complex manifold. Let a compact torus 
G act on M effectively and preserving the complex structure J on M. Assume that is 
transverse Kdhler and there exists a moment map : M —)■ g* with respect to a G-invariant 
transverse Kdhler form. Then, the image ofM by a lifted moment map : M —(g/gy)* is 
a convex poly tope in (g/gy)*. 


5. The extreme case 

In this section, we consider the extreme case. First we recall the notion of maximal torus 
action introduced in [8]. Let A/ be a connected smooth manifold equipped with an effective 
action of a compact torus G. Then, for any point x, we have that dimG^ + dimG < dimM. 
The G-action on M is maximal if there exists a point x eM such that 

dim G + dim G^ = dimM. 

Any compact connected complex manifold M equipped with a maximal action of a com¬ 
pact torus G which preserves the complex structure can be described with a fan A in g and 
a complex subspace f) of g'^. 

Theorem 5.1 (see [8]). Let M be a compact connected complex manifold M equipped 
with a maximal action of a compact torus G which preserves the complex structure J. 
Then, there exists a nonsingular fan A in g and a complex subspace f) such that M is G- 
equivariantly biholomorphic to X (A)/H, where X (A) denotes the toric variety associated 
with A and H := exp(f)) C G^ rA A(A). 

We shall recall how to deduce A and f) from M briefly. Each connected component of 
the set of fixed points of a circle subgroup of G is a closed complex submanifold of M. If 
such a submanifold has complex codimension one, then we call it a characteristic subman¬ 
ifold of M. The number of characteristic submanifolds is at most finite. Let Ai,... be 
characteristic submanifolds of M. Each characteristic submanifold A, is fixed by a circle 
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subgroup Gi of G by definition. To each characteristic submanifold Ni, we assign a group 
isomorphism A,-: G, C G such that 

=8^ for all g e and ^ e TMl^JINi. 

We can think of A G Hom(5\ G) as a vector in g by JA (1) G g. We have a collection A of 
cones 

A := |pos(A, I / G /) I ^ @1, 

where pos(A/ | i G /) is the cone spanned by A,- for i G /. It has been shown that A is a 
nonsingular fan in g with respect to the lattice Hom(S^, G). Since the action of G preserves 
the complex structure J on M, it extends to a holomorphic action of G*^ on M. Then the 
complex subspace i)ofg‘^ = g(8)C = g(8 )l+g(8 ) is defined to be the Lie algebra of 
global stabilizers of the G'^-action on M. Namely, 

i) = {u 01 + V 0 y /— 1 G g^ | JXy = 0}. 

The pair of A and f) satisfies the followings. 

(1) The restriction p\^of the projection p: g*^—)-g(8 )l=gis injective. 

(2) The quotient map ^ : g —)■ g/p(t^) sends A to a complete fan (^(A) in q/p{^). 
Conversely, if A and f) satisfy the conditions (1) and (2), then the quotient X{X)/H is a 
compact connected complex manifold and the action of G on A (A) descends to a maximal 
action on A (A)///. 

Proposition 5.2. Let M be a compact connected complex manifold M equipped with an 
action of a compact torus G which preserves the complex structure J. Let 1) be the Lie 
algebra of global stabilizers of the G'^-action on M. Then, pff) = gy. 

Proof This follows from the definitions of f) and gy immediately. □ 

Lemma 5.3. Let be as above and let J denote the complex structure on X{/S)/H. 
Assume that is a transverse Kdhler foliation on X{/X)/H and let CO be a G-invariant 
transverse Kdhler form with respect to In addition, assume that there exists a moment 

map : X (A)/// —)■ g* with respect to co. Then, the image ofX (A)/// by a lifted moment 
map is a convex polytope and d>(A' (A)///) is a normal polytope ofq{A). 

Before the proof of Lemma 5.3, we shall recall notions of normal fan and normal poly¬ 
tope. Let P be an n-dimensional polytope in a vector space V* of dimension n. For a vector 
a G y, we put 

Fv := {a G P I (a, v) < {cc',v) for all a' G P}. 

Fy is a face of P that attains the minimum value of v. For a face F of F, the (inner) normal 
cone Op of F is given by 

CTf := {v G y I Fy C F}. 

Its relative interior is given by {v G y | Fy = F}. The (inner) normal fan of P is the 
correction Ap := of cones Op for the faces F of P. Conversely, for given fan A in V, 
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a polytope P in V* whose (inner) normal fan eoineides with A is oalled an ( inner) normal 
polytope of A. If sueh a polytope P exists for A, then A is said to be polytopal. 

Now assume that A is a nonsingular fan in g. We also prepare several notations of 
submanifolds. For a eone c G A, we denote by the elosed torie subvariety of A'(A) 
eorresponds to a. If Ai,..., G Hom(5\ G) be the primitive generators of I-eones of A, 
a ean be written as a = pos(A,- 1 i G /) for some 7 C {1 ,..., and (A,),^/ is a part of Z-basis 
of Hom(5\ G). More preeisely, eaeh point ofA^ is fixed by a subtorus Go of G, and (A/)/e/ 
is a Z-basis of Hom(S\ G^)- The image of Xa by the quotient map A'(A) ^ X(A )/H 
is a elosed submanifold of X (A) /H beeause X^ and both are eonneeted eomponents of 
the set of fixed points by the G^-aetions. If we denote by («/)/£/ the dual basis of (A,),^/, 
the set of nonzero weights of TxYa eoineides with for all x G Ter. 

Proof of Lemma 5.3. We may assume that o $ = without loss of generality. For v G g, 

define hy : X{A)/H ^ g* by hy{x) = (d>(x),v). Then, hy{x) = (d>(x),^(v)). We shall see 
that eaeh eonneeted eomponent of the set of eritieal points of hy is one of Y^ for some o E A. 
Let V eX{A)/H. Sinee dhy — —lx,, CO, x is a eritieal point of hy if and only if{Xy)x G 
in partieular, v G g^ + gy. Therefore, the set of eritieal points is 

U >'<’■ 

(y;veg(T+gj 

Assume that hy takes the minimum value ay on Y^. Let Vo G gcr sueh that ^(v) = q{ya)- 
Then, {daj Act) > 0 for all i G 7, where is the set of primitive generators of o (see 

Remark 2.3). Therefore Va sits in the relative interior of o. In partieular, ^(v) sits in the 
relative interior of q{o). The eonverse is also true; if ^(v) sits in the relative interior of 
q{(y), then hy takes the minimum value ay on Yo- 

By Corollary 4.4, $(A(A)/77) is a eonvex polytope F in (g/gy)*. Weelaim that, for eaeh 
a, the image of Y^ by $ is a faee of P. Let v G g sueh that ^(v) sits in the relative interior 
of o. Then, hy takes the minimum value ay on T^. But hy{x) = {^{x),q{v)) implies that 
X attains the minimum value ay of hy if and only if ^(v) attains the minimum value ay of 
q{v)\p. Since hf^(ay) = Yo, we have that {q{v)\p)^^{ay) =$(T(j). Sinee (( 3 '(v)|p)(a) >ay 
for all a eP, ^(T(j) is a faee of P that is given by Fn77^(^,) a^, where 77g(v),a„ is the 
hyperplane in (g/gy)* defined as 77^(v),a„ := G (g/gy)* I («,^(v)) = ay}. 

Conversely, if a faee F of F is given by Fn77^(^,) then F is the image of Ya by 
where o is the eone sueh that ^(v) sits in the relative interior of q{(y). It turns out that for 
eaeh faee F of F there exists a eone a sueh that the inner normal eone of F eoineides with 
q{o). Henee F is a normal polytope of ^(A), as required. □ 

Now we eonsider the obstruetion for the existenee of a moment map in ease of LVMB 
manifold with indispensable integer 0. Let E be an abstaet simplieial eomplex on {0,1,..., m 
(a singleton {i} does not need to be a member of E). Let G = (S^)'”. Then g = M'" 
and Z'” is identified with Hom(5^, G). G aets on CF'" via (gi,..., g,„) ■ [zq, Zi,..., Zm] := 
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[zo, giZi , • • •, gmZm] for (gi, • • •, gm) G G and [zq,, • ■ •, Zm] e CP"'. Put eo := -ei- e,n 

and define 

A := {pos(e/ I / e /) I / G E}. 

A is a nonsingular fan in M"' and the torie variety X (A) assoeiated with A^ is given by 

X(As) = U[//, 


where 

= {[z] = [zo,... ,z™] G CP'" I Z; ^ 0 if 7 ^ /}. 

Let 1) C C'" such that A : = A^ and f) satisfy the conditions (1) and (2). We call the manifold 
X{Ai)/H an LVMB manifold. Moreover, if (^(Ax) is polytopal, we call it an LVM manifold, 
due to [3, Theorems 2.2 and 3.10]. 

If an integer i satisfies that {i} ^ E, we say that i is indispensable, according to the 
literature of LVMB manifolds (see [4], [11] and [12]). In case when 0 is indispensable, 
[z] G X (Aj:) implies that zo 7 ^ 0. Therefore we can think of X (A^) as an open subset of C'" 
via the map 

[zo,---,Z,„] ^ ^ . 

\Z 0 Zo / 

Namely, 

x(Ari = u u;, 

where 

u; = {z = (zi,...,z,„) G C"' I Z; 7^0if 7 ^/}. 

In case when 0 is indispensable, we call X {Az)/H an LVMB manifold with indispensable 
integer 0. 

It has been shown in [2] that the odd degree basic cohomology groups of X (A^)/// with 
respect to vanish for shellable E. Therefore for shellable E, there exists a moment 
map for any transverse Kahler form on A'(A£) /H with respect to We can avoid the 
assumption on E for the vanishing of first basic cohomology groups with a straightforward 
computation. 


Lemma 5.4. Let X(Az)/H be an LVMB manifold with indispensable integer 0. Let J be 
the complex structure on X (A^) / H. Then, (X{Az)/H) = 0. 

Proof Assume that, {/} is a member of E for / = 1 ,..., r but not for / = r + 1 ,..., m. Then, 
A(A£) = X(A£/) X (C \ {0})'"“'', where E' is an abstract simplicial complex on {0,..., r} 
such that if 7 G E then 7 G E'. V(A£/) is a complement of coordinate subspaces of real 
codimension > 4 in C". Thus, V(A£/) is simply connected. Let c, : —)■ V(A£) be the 
curve defined by 

q(0 = (i,---,i,M,---,i)gx(Ae)cc" 


7—1 


m—i 
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for / = 1 ,..., m. Ci is null-homologous for z = 1 ,..., r and the homology classes [c,] deter¬ 
mined by c/ for z = r-t- 1 ,... ,zn form a basis of Hi (X(A£)). 

Let /3 be a 1-form on X (A^)///. /3 is closed and basic for if and only if <i/3 =0 and 
iXj,/3 = 0 for any v G Qj. Let 7t: X (A^) —)■ X {Xy)/H be the quotient map. ;r*/3 is a 1-form 
basic for That is, iXu^*P = 0 and ix^,dn*l5 = 0 for zz G f). Therefore we need to show 
that a closed 1 -form 7 onX(A£) satisfying 

• ix„Y =0 for ue [}, 

• =0 for V G 0 y. 

is exact. Let 7 be such a 1-form on X(A£). By averaging 7 with the action of G, we may 
assume that 7 is G-invariant without loss of generality. Since 7 is real, we can represent 

rn 

7 = Y^fidzi + fidzi 

i=\ 


with smooth functions ft : A'(Ae) —)■ C. Let v = (vi,..., v^) G g 
represented as 


(5.1) 


m 

z=i 



M'”. Then X^ can be 


Since 7 is G-invariant, we have that there exists a, G M such that 2n\/^^{zifi — zifi) = a, 
for z = 1,..., zrz. Since Hi {X (A^)) is generated by c, for z = r -fl,..., zn and the Kronecker 
pairing is given by ([c,], [ 7 ]) = a/, it suffices to show that a, = 0 for z = r-f 1,..., zrz. 

If zz = (zzij -I- ...,Um^i + ) G C'”, Xu Can bc represented as 


(5.2) 


Xu 


2nY^ yy/^Ui^i 


/=1 




Since p{i)) = gj by Proposition 5.2, it follows from (5.1) and (5.2) that the conditions 
iXyY = 0 for V G 0 y and ix„7 = 0 for zz G f) are equivalent to 


m 

(5.3) Y ,= 0 for all V = (vi,..., v,„) G Qj. 

i=l 

Assume that {1,... ,zz} G E is a maximal simplex. Then, q{ei), ... ^q{e„) form a basis of 
q/qj. Let Un be the dual basis of q{ei),.. .,q{en). Then, we have a basis 

n 

e; - ^ («/,<?( ej)) e,- for j = zz -h 1 ,..., zn 
/=i 

of 07 = ker^. Therefore we have that (5.3) is equivalent to 

n 

^jfj - L diej))Zifi = 0 for 7 = n + 1 ,...,zn. 
i=i 


(5.4) 
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The Kronecker pairing ([c,], [ 7 ]) = 0 for / = 1,..., r because c/ for / = 1,..., r is null- 
homologous. Therefore ai = 2ny/^{zifi — zifi) = 0 for / = 1,..., n. This together with 
(5.4) yields that aj = 0 for all j = n+l,.. .,m. Therefore 7 is exact, proving the lemma. □ 

Corollary 5.5. Assume that on X (A^) /H is transverse Kahler. Then, the complete fan 
q{A) in q/qj is polytopal. Namely, X (A^)/// is an LVM manifold. 

Proof Let ft) be a transverse Kahler form on X{Nz)/H with respect to Since # 0 ^ 
is G-invariant, we may assume that ft) is G-invariant by Proposition 4.1. The closed 1- 
form —lx,,CO is exact for all v G g by Lemma 5.4. Therefore there exists a moment map 
onX{Ax)/H with respect to ft). Let : X{Ax)/H (g/gy)* be a lifted moment map. By 
Lemma 5.3, the image ofX{Ax)/H by $ is a normal polytope of ^(A). Therefore ^(A) is 
polytopal, as required. □ 

Conversely, we can construct a transverse Kahler form on X {Ax)/H with respect to 
from a normal polytope P of ^(A). Essentially, this fact has been shown in [9] and [11]. 
But, the “language” in this paper is slightly different from them. For reader’s convenience, 
we give a brief explanation of the construction of a transverse Kahler form without a proof. 
Let P be a normal poly tope of ^(Aj:) represented as 

p = {ae (g/gy)* | {cc,q{ei)) > a,-}. 

The map q* : (g/gy)* —)■ g* is an injective map. We consider the embedding P -o- g* given 
by 

m m 

a ^ Y,^{a,q{ei)) -a,)e* = ^*(a) - ^a,e*, 

/=! i=l 

where e* denotes the z-th dual basis vector of the standard basis ei,...,e,„ of g = 

Let z: gy —)■ g be the inclusion and consider the dual map i* : g* —)■ g}. The image of 
embedded P is the point z*(£"lj —aie*) =: /3. A'(Ae) is an open subset of C'". So X(Ae) 
has the standard Kahler form 

ft)st = 2^ dzi A dzi. 

i=\ 

G acts on A'(A£) preserving ftlst. The map d>: ^'(As) —f g* given by 

m 

^{z\,...,Zm) = ttY,\zi\^el 

i=\ 

is a moment map with respect to ftlst- For the compostion z* od>: ^(Ax) —> g}, the value 
/3 G g} is a regular value and (z* od>)^^(/3) =: is a smooth manifold equipped with 

an action of G and the G-invariant transverse symplectic form ft) := (Ost\^p with respect 
to Each orbit of H intersects with at exactly one point in ^p, and hence the 
inclusion ^p —)■ ^(Ax) induces an equivariant diffeomorphism cp : ^p -^X{Ax)/H. The 
form {(p~^)*(0 on X{Ax)/H is what we wanted. The image of a lifted moment map is 
nothing but P up to translations. 
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The construction above and Corollary 5.5 yields the following. 

Theorem 5.6. The holomorphic foliation on an LVMB manifold X (A^)/// with indis¬ 

pensable integer 0 is transverse Kdhler with respect to if and only ifX{Ai)/H is an 
LVM manifold with indispensable integer 0. 

We give remarks on the foliation and equivariant holomorphic principal bundles. 
Let Ml and M 2 are complex manifolds with the complex structures 7i and J 2 , respec¬ 
tively. Assume that compact tori Gi and G 2 act on Mi and M 2 respectively. If we have 
an equivariant principal holomorphic bundle K \ M\ ^ M 2 , it is easy to see that = 

for all x G Mi. Therefore we can obtain every basic form for 
from a basic form for by the pull-back operator k* . Moreover, every basic form for 
basic for the action of ker a (that is, invariant under the action of ker a and the 
interior product with fundamental vector fields generated by the action of kerct vanishes). 
Therefore there exists the inverse operator of ;r* defined for basic forms for . 

In particular, on Mi is transverse Kahler if and only if so is ^g 2 y 2 ^ 2 - Also, there 

exists a moment map $1 : Mi —gj with respect to a Gi invariant transverse Kahler form 
coi if and only if there exists a moment map <I >2 : M 2 -> g^ with respect to (;r*)”^( 0 i. 

It has been shown in [ 8 ] that a compact connected complex manifold M equipped with a 
maximal action of a compact torus G is obtained as a quotient of an LVMB manifold with 
indispensable integer 0. Therefore, we can characterize the manifold with a maximal torus 
actions which admits a transverse Kahler form with respect to 

Theorem 5.7. Let M, G, J, A, 1) be as Theorem 5.1. Then, the followings are equivalent: 

(1) on M is transverse Kdhler. 

(2) ^(A) is polytopal. 

In this case, for any G-invariant transverse Kdhler form (O, there exists a moment map 
d>: M —g* with respect to CO and the image ofM by a lifted moment map d>: M —j- (g/gy )* 
is an inner normal poly tope of q {A). 

As a corollary, we show that the conjecture posed in [ 6 ] holds. 

Corollary 5.8. For an LVMB manifold M, the holomorphic foliation is transverse 
Kdhler if and only if M is an LVM manifold. 
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